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↳ pompom
In

a) Trapezium Rule :) f- (x1 dx = t.tn#-Yn)+2lYi-yz+...+Yn..))
Xo

"0 3 ↳

What is h ? his the difference
between each value of x .

⇒ h = 0.5 I

=

Yo Y, Yz % 74

2. 5

=3 !
,
¥Ñ dx =

'-2×0.5/(0.5774+0.8452) + 2 (0.7071+0.7746+0.81655) 1

= 1.50475
. ..

2.5

= > f IT dx = t.IO '

0.5
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• mm.
2. 5

yb) From part a :|
,
,! dx = 1.50

2.5
, 2.s

this is a

constantge
can take it out the integral.

Xg 9x die =) FYI die =

dx
I -1k

0.5 0.5 0.5

1 this is the same

as we had in part a

2.5

⇒ f 91€ dx = 3×1.50=4.5-0-1
0.5

µ mama
c) Estimate from part b :[

'

5) ¥,, dx = 4.50
o estimate

( ✓ retune
The accuracy of the answer in part b is high , since he -50=4.535 1
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I •go.fi
• R aÑ=3pñ

I - E- = } / f- f) I

•

a

= ? I - of = } f- Isp

•p
⇒ 9. = I - 3- [ + If I

=) § =
'

Je + If

⇒ 9- = 511+-21 ) as required.
'
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µ -88
a) 21cg /4- a) = logic -18) log laws :

=) log4I= logf i a.Kgb = loglb)
"

and

=) the - x)
"

= K -18 i if logla)=log(b) then a -_ b

=) 16-8×-1×2 = ✗ +8

=) si -9x-o as required '

www.
bi) ii. 9×+8=0 M A

=) (x -8) 1×-11=0 8- -5
=) ✗ = 1 and x = 8 1

^

=)
=

-8
,
-1

these are our roots .

y
Kyla ) is only valid for a > o

bii) Fou x --8
, 21cg /4- a) = 210g (4-8) = 210g C- 4) ; hence x=8 is not valid

since 2kg4 ) cannot be found . I
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I b•B.
Formula : K

"
term of Kyi = ! .

xkyn- K

⇒ ⑦
"

a' i = > ( µ .
2
"

- a
'

= 15120

=) 560 a
}
= 15120 '

⇒ a =

31530M
= 3 = ? 9=-3-1
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g. Bona
Y =3 -2

"

and 9=15-2
" " ' Find point of Intersection !

⇒ 3.2
"

= 15 - 2
" "

I * 2
""

= 2
"
-2

'

= 2
"
. 2

=) 3.2 " = 15-2
"
. 2

=> 3 = Is . 2

÷ 2
"

on both sides

2
"

=) 5 = 15

2x

= > 2
"

= 1g

5 log laws : In /ab) = b. Inlay
'

In
'

of ↳
⇒ 2

"

=3 i

both sides = > 4in "/ = 1h13)
I mark for working⇒ x.tn/2/-- 1h13) )

÷ 1h12) /
=) X = In (3) L 2- I mark for correct answer

1h12 )
=\

x coordinate of P
.
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1 Bagg
a) Partial Fractions :

i. +8×-3 = Ax -113 -1 £+2
✗ -12

x2-18×-3 = Auld -12) + BH -12) -1C

let ✗ = - 2
,
then (-212+81-2) - 3= A- (-211-2+2) -1131-2+2) -1C I

=) -15 = C
=

let ✗ = 0
,
then -3=213-15 =) 12=213

⇒ B

let ✗ =L
,
then 6 = 3A -1613) - 15

=) 6 = 3A -13

=) 3 = 3A =) A = I
=

=) A- = 1,13=6 and [ = -1g a -
I mark for two correct

= =
=

\ I mark for all three correct
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A BEE
6

b) From part a :{2%+8×-3 du =/✗ + 6- 15 dx fx die = ¥
I -12

K -12

0 0
6 / 6 doe = Gx

= [¥+6,, - Binge -121] ,
- integrating !¥=

J ,÷zdx = 151mW -121

o
i - Correct integration

= (¥+6161 -151481) - (-151^121) ins)= In 3) =3 - Ink)

↳ power log law
= 18+36 - 151m18) -1151h/2) i

= 54 - 15131^121/+151^121
= 54 - 301m12) '

-

a + bln /2) = > a = 5h .

b. = - 30
=
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↳ R..pm•
a) Y = ↳oitx

-
↳lnx

,
find day,

• Log Differentiation : in a) = ÷
2€
-

• Quotient Rule : If hlx) = f-(x)
• d ( ↳ lnx) = 4. j,

= 4
,

I 9h1

die then hlx) = fix)-944 - f-44.9-a1

¥12
let him = 4x4 x ⇒ f- (a) = 4×2-1 x → fix) = 8×+1

205C 2Jx = 2×112

944 = 2K → 964 = 1

⇒ h
'

1×1 = (8×+1)/25×1 - (4×2-1×11 ¥) = 16×312+2×112 -
↳×
"

✗112
- ¥2 = 16 ,?

/2+2×1/2- 4×31-2×112

(2k)
"

I 4k Lex

⇒ him = 12×312-1 X
'"

= 3x
'"
+ ÷y, = 3k -1¥

Lex

=) d§ = 3.Tx -1¥ - ÷ = 12×+1
- ¥ = 12×2-1K -16K = dyed as required . I

↳ rx 4k€
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µ Takayama
b) From pad a :

day,
= 12×2-1×-16Bc

↳xrx

Our first step is to set ddyy =o. =) 12×2-1×-16Be =o
hexrx

=) 12×2-1 x - 16K = 0
÷
Fx

=) 12×312+5×-16 = 0 I

⇒ 12×312 = 16 - TX
÷ 12

'

⇒ ✗
312

= ÷ -¥
⇒ ✗

"2
= ¥ - FI

⇒ ✗ = (g- - %)
">

as required. I

-

-8g

1 Hakam
c)
i) Xi = 2 and xn+i=(¥ - FI)

"

=> xz=(g- -÷)
"

! (3- - ¥)
"

,

sub this in ! 7

xz = 1.138935 . ..

Xz = 1.138-94 15 d.p) I

ii /A.156-50-1
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= ••¥*

↳

g. µ . g. a. ,, magna,.mg ,, ,, .gg , ,

µµ
=) f-(x) =/ f- (x) dx I fax die = ax

'

2

=) f-HI =) God + ax -23 doe f - 23 die = - 23.x

/ Constant of integration.
f- (x) = 2×3-1 aoi

- 23.x + C l

2

⇒ 1=0
, f- (o ) = 210)

>
+ a. 02.23 (a) + c = , ,,

/
Y intercept ( Y when x=4

2

=) C = -12 I

⇒ f- (x) = 2×3-1 ax
'

-23×-12
2

=) If ✗+4 is a factor of fix , then f- C-41=0

⇒ g- (-41--0--21-4)
>

+ at-412-231-4 ) - 12 I

2

=) 0 = -128 -18A -180

=) 8A = -48 =) a = -48 = -6--1 = > f- (x) = 2×3-3×2 -23×-12 I

8 =
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I H.fr
a) ① = A - Be

-0.07T

-1=0
,
0=18 =) 18 = A- Be

-0-07 - °

e.0=1

18 = A - B 1

1- = 10,0=44 =) 44 = A- Be-0-71

A = 13+18 A- = Be-0.7+44 =) 13+18 = Be-0.7+44
=) B-Be-0-7--26
=) B( 1- e-0-71=26

yB=
51.6 =) B = 26 = 51.647 . . . =) 13=5--1.6 I

1- e-
0.7

⇒ A -_ 51.6+18=69 A

⇒ ① = 69.6 - 51.6 e-
0 -07£

,

-
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, aaa
b) ① = 69.6 - 51.6 e-

0.07T

The maximum temperature , according to the model
,
is 69.6°C .

I

⇒ The model is not appropriate since 69.6°C is much lower than 78°C .
I

PhysicsAndMathsTutor.com



•qqµ IA-s-I-A-B-ooo-t-G.TK
2A

/
A

1

Cos 3A = Cos ( 2A + A) Compound Angle Formula :

• Cos # + y) = Cosxcosy - Sinxsiny
We can use the compound angle formula with
✗ = 2A and y=A .

Double Angle Formula :

⇒ Cos 3A = Cos 2A COSA - Sin2ASinA 1 • Cos 2A = 2Co5A - I

= tacos'A- 1) Cosa - 125inACOSA) Sina ' • Sin2A = 25inACOSA

→

= 265A - COSA - 2Sin2ACosA • sink + Cos}, = 1 .

= 2 cos
>
A - COSA - 12 - 205A/ COSA i =? 25in

>

x = 2- 2Cos3c
←

= 2Cos
>
A -Cosa - 2CosA + 2053A

=) Cos 3A I ↳ Cos
>
A - 3.COSA 1 as required .
=

1 Baboon
1- Cos3.x = Sin't ° S.in?c-Cos3c-- I

• Part a : cos 3A = ↳ cos
>
A - 3.COSA

=) I - Cos 3)[ = I - COSZX

let Cosx = y

=3 I - ( ↳Cos>x-3cos.sc/--l-Cos'x ⇒ - hey + y -13

- ( hey - y - 3)
=3 I - ↳ cos

>
✗ + 3.Cosa - I + Cos

>

x = 0 =) Cos}c + 3.Cosx - ↳ cos>x = O l - they + 3) ( y - 1)
= ? Cos)c( cosx -13 - ↳Casse) = 0

=)C lhecosx -1-3) / Casse - 1) = 0 SATCUL
=) Cosy = 0 ↳Cosa -13=0 Cask -1--0 '

✗ = 900 Cosx = -÷ ⇒ ✗ =/ 39° ✗ = 0

✗ =
- 90 i

⇒ Solutions are : ✗ = - 90900,900 and 139°
.

I

=
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1 µg
1 Book

• • many
P is our turning point , so we can read the turning point from the equation.

✗ = -4

,

and y = - 5 =3 P(-5 )
,

1 am
Option 1 : 3×+40=24+4) -5

3×+40=2×+3 =3 ✗ = - 37 =) 31-37/+40=21-37+41-5
- 71 =/ 61

⇒ ✗ = - 37 is nota valid solution .

Option 2 : 3×+40=-21×+4/-5
3×+40=-2×-8-5

5x= -53

✗ = -10.6 i =3 Check solution : ¥ = high =) The solution is ✗
= -10=-6 .
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aaaa,
y = ax

For a = 2
,
there will never be intersection .

=) For a > 2
,

there will always be at least one point of
intersection . 1

y = ax with point Pfh , - 5)

=) -5 = - tea =) a = 1.25

⇒ Far as 1.25
,
there will be at least one point of

intersection . '

=3 Set Notation : too, 1.25]U (2,00) '

-
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I Hammam
K2

R = J y@) dx =/
"

ylt) dx It Yltl = y = 55in (at)

x, t ,
It ✗ = Gsint ⇒ dx = Gcost

It

=/
"

6Cost . 55in 2T dt '

t
,

- -

☐ Sin Lt = 2Sint cost

= Jt
'

30 Cost - Sin at

ti

= £? 30 Cost - 2sintcost dt =/
"

60 Cos'tSint dt i

t
,

⇒ t , = 0 and tz =

Ig =) R = J
""

Gosintcos't It as required . I

☐ =
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↳ aaa
From paint i : R =/

""

60 - Sint - Cos't It cos't = 1 - Sin't
o

= 60 . /
""

Sint ( 1- Sin't) dt

o f Sint dt = - Cost + c

f-Sin't dt = Cost - f-cos
>

(t) + C

= Go/
""

Sint - Sin't It I

0

= 60/-5cos't) = Go / - Écos' - -5 Costa]
⇒ R= 6010 - - 5)

⇒ R 0 as required . '

a

G..qk9B
HE

✗ = Gsint
,
y=5sin2t =) When y= 4.2 => 4.2 = 55in Lt

⇒ Sin 2T = 4.2 '

=) 2T = Sin
- ' (¥) = > t, = 0.4=9865. . .

and tz = IT - 2×t , = TI - 2×0-49865=1.0721 . . .
I
5

=

⇒ X ,
= 65in (0.49865) = 2.869 and Xz = 68in (1.07-21)=5.269 I

= =
,

width of the path is going to be Xz - X ,
= 5.269 - 2.869

= 2.40m I

=
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GagaI
• When we have a fraction , the denominator cannot equal 0 ,

=) In x - 2=0

lnx = 2

eh " = eh

✗ = e
'

=) k=e
'

or ✗ =/ e- 1

=

among1h
fix)

Quotient Rule : If gcx)= hex,
then 91×1 = fix)hW - fashion

1hm
'

Record that 944 = 31hr -7 ⇒ let f- (x)=3lnx -7 then fix)É! ,

lnx -2 hlx) = Ink -2 then HH) = É

⇒ gin = ¥ / lnx - 2) - ¥131m - 7) = I. lnx - § - 31¥ + ¥ =
' Ix

thx - 2)
2

( In ,c - 2)
2 (Ina- 2)

2

I

=) 944 =

✗ 1in,, -2,2
1 • we know that x > o

=
• ( Ina - 2) is squared

⇒ the denominator is always positive ,
hence 94470 .

'

=
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µ mom
Recall that gcx) = 31hr -7

Ink -2

let lnx=y
,
then g. (a) = 3g -7 > 0 .

y - 2

• multiply both sides by (Y - 2) =) 3g - 7) 0 .
I

=) Y > 713

⇒ lnx > 713 (we change x to a now)
=) a > e.

713

-

• 9=2 then gcx) not defined since denominator equal to 0
.

⇒ y < 2

=) Inch < 2

=) al e
'

=3 0cal EZ and a > e
"}

.

I

= =
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qq.am
Yn

e
*

• The centre of the circle is shifted by r units along
the x and the y axis .

2×+9 -_ 12¢ %-) >
x

=) C : lx-ri-fy.ir/~--r ' 1 : D= 12 -2k

=) x2- 2rx -12 * y
'
- dry -11=1

=) x'+ y
'
- 2rx - dryer

"

__ o l L substitute this in !

⇒ sit 42-2,42 - 2rx -2112 - 2x/ + r ' = 0
I

=) x
" -1144-48×-14×2- 2rx - 2hr + terse + r

'

=o

⇒ 5×2=48×-1 2rx + (r2- 2hr + 1445-0

=> 5×2 + (Lr - ↳8) ✗ + (r ' -2hr -11441=0 as required . I

-

BagI
/
discriminant

Tangent =) b
'
- Hae --0 Since one repeated root .

Recall from Panta we have that 5×2+12 - ↳8) ✗ + (r ' -2hr -11641=0

a = 5
,
b= Lv - 48 and c. = r2 - 2hr +144

=) b
"

- bae = 0 =) (2r - he8)
"

- 4×5 / r '-2hr + hehe) = 0 I

=) her
' -192in + 2304 - 20th -1480in - 2880=0

⇒ -16v2 -1288 ✓ - 576=0
÷ -16=7 v2 - t.gr +36=0 ,

=) quadratic formula : a =L b= -18 c= 36

=) r = - b ± hi-HAT = 18+-1-185-441136=1--18+-655 =) r= 9 -13ft

2A 2 2
=
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-88
BB
BE
-6
-8( -o---rÉd

✗✓ Sn = a + ar + ar
'
+ . . .

+ Arn
- '

✗ ✓ I

=) r.sn = ar + ar
'

+ ar
>
+ . .. + ar

"
I

=) Sn - r.sn = at art av2+ . . . + Arn
- '
- ar - ar

'
- . . .

- arm

=) Sn - r - Sn = a - ar
"

i live now want to rearrange and manipulate this to get
the required answer / proof)

=) sn( I - r ) = all - rn) ⇒ Sn = ai - rn) as required .

I

i. i.v1 i - r

=

ypy-e-a-e-ggg.gg
Recall that : Sn = at - rn)

1- r

=) Sio = 4×55

=) all- r
" ) = hall .rs) Er

,

I - r 1 - r

=) I - r
"
= 411 - r 5) =) I - v10 = 4- hers

'
=) r'° - hers -13=0 then let ✗ = v5 and oi= r "

=) x2- 4×+3 = 0

=) (x - 3) 1×-11=0
⇒ (rs- 3) ( vs-11=0-7 r5= I =) r= 1 (but this solution isn't valid

since r -1-11 .
⇒ r

'

=3 '

⇒ The exact value of r is r '⇒ r= if
-
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• 3K • 3k -11 • 3k -12 ( we can express natural in this form)

3k : 13k)
"

= 9K
'
= 3 -13K

'

which is a multiple of 3 .

3K-11 : 13K-11)
"

-_ (3k-11113k -11 ) = 9h2-16k -11
I

= 313k
'

-12k) -1 1 which is one more than a multiple of 3 . I

3k-12 : (3K -125 -_ (3K -12113h -12) = 9kt-112K -14
'

= 313kt-14k + 1) + 1 which is also one more than a multiple of 3 .

⇒ we have shown that the Square of any natural number is either a multiple of 3
or one more than a multiple of3--1
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